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1. green’s functions and elliptic equations

Let us recall some useful facts for solving the problems of elliptic equations.

Theorem 1 (Green’s identity). Suppose u ∈ C1(Ω)∩C2(Ω). Then for any x ∈ Ω,
there holds

u(x) =

∫
Ω

Γ(x, y)∆u(y)dy −
∫
∂Ω

(
Γ(x, y)

∂u

∂n
(y)− u(y)

∂Γ

∂n
(x, y)

)
dSy,

where

Γ(x, y) =

{
1
2π log |x− y|, n = 2,

− 1
4π |x− y|−1, n = 3.

For the Dirichlet boundary value problem,

−∆u(x) = f(x), x ∈ Ω,

u(x) = φ(x), x ∈ ∂Ω,

It suffices to find the Green’s function G(x, y) = Γ(x, y) + Ψ(x, y) where

∆yΨ(x, y) = 0, y ∈ Ω,

Ψ(x, y) = −Γ(x, y), y ∈ ∂Ω,

then

u(x) =

∫
Ω

G(x, y)f(y)dy +

∫
∂Ω

φ(y)
∂G

∂n
(x, y)dSy.

In the following, we discuss some examples concerning the Green’s function.

Problem 2. Find the Green’s function for Dirichlet boundary value problem over
the first quadrant

R2
+ = {x = (x1, x2) : x1 > 0, x2 > 0}.

Solution. The Green’s function is

G(x, y) =
1

2π
log
√
|x1 − y1|2 + |x2 − y2|2 −

1

2π
log
√

|x1 + y1|2 + |x2 − y2|2

+
1

2π
log
√
|x1 + y1|2 + |x2 + y2|2 −

1

2π
log
√
|x1 − y1|2 + |x2 + y2|2.

Problem 3. Find the Green’s function for Dirichlet boundary value problem over
the half disk

B+
R = {x = (x1, x2) : |x1|2 + |x2|2 ≤ R2, x2 > 0}.
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Solution. The Green’s function is

G(x, y) =
1

2π

(
log
√
|x1 − y1|2 + |x2 − y2|2 − log

√
| R
|x|

x1 −
|x|
R

y1|2 + | R
|x|

x2 −
|x|
R

y2|2
)

− 1

2π

(
log
√
|x1 − y1|2 + |x2 + y2|2 − log

√
| R
|x|

x1 −
|x|
R

y1|2 + | R
|x|

x2 +
|x|
R

y2|2
)
.

A Supplementary Problem

Problem 4. Show that for the Neumann boundary value problem,

−∆u(x) = f(x), x ∈ Ω,

∂u

∂n
(x) = φ(x), x ∈ ∂Ω,

If there exists a Green’s function G(x, y) = Γ(x, y) + Ψ(x, y) where

∆yΨ(x, y) =
1

|Ω|
, y ∈ Ω,

∂Ψ

∂n
(x, y) = −∂Γ

∂n
(x, y), y ∈ ∂Ω,

then

u(x)− 1

|Ω|

∫
Ω

u(y)dy =

∫
Ω

G(x, y)f(y)dy +

∫
∂Ω

φ(y)
∂G

∂n
(x, y)dSy.

Moreover, if Ω = Rn
+ := {x = (x1, ..., xn) : xn > 0}, then

G(x, y) =

{
− 1

2π (log |x− y| − log |x− y|), n = 2,

− 1
4π (|x− y|−1 + |x− y|−1), n = 3.

If Ω = BR := {x = (x1, ..., xn) :
∑n

i=1 |xn|2 ≤ R2}, then

G(x, y) =


− 1

2π

(
log

∣∣∣ R
|x|x − |x|

R
y
∣∣∣ + log |x − y|

)
− 1

4πR2 |y|2, n = 2,

1
4π

(∣∣∣ R
|x|x − |x|

R
y
∣∣∣−1

+ |x − y|−1
)

+ 1
4π

log

[(
R
|x|x − |x|

R
y
)
· Rx

|x|2
+

∣∣∣∣ R2

|x|2
x − y

∣∣∣∣] − 1
8πR3 |y|2, n = 3.

For more materials, please refer to [1, 2, 3, 4].
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