TUTORIAL NOTES FOR MATH4220

JUNHAO ZHANG

1. GREEN’S FUNCTIONS AND ELLIPTIC EQUATIONS

Let us recall some useful facts for solving the problems of elliptic equations.

Theorem 1 (Green’s identity). Suppose u € C1(Q)NC?(Q). Then for any z € Q,
there holds

ue) = [ Tpsutiy - [ (T Ghe) - u) g @) ds),

where

1 _ =
P(a,y) = 4 77 loglz —yl, n=2,
’ —Ltlz -y, n=3
ir yr = 9.

For the Dirichlet boundary value problem,

—Au(z) = f(z), x€Q,
u(x) = ¢(z), we€df,

It suffices to find the Green’s function G(z,y) = I'(x,y) + ¥(x,y) where

A’U\IJ(xay) = Oa Yy € Q7
\Il(m’y) = —F(l',y)7 Yy e 8£27

then
oG
w(@) = | Glz,y)fy)dy+ [ oy)o—(z,y)dSy.
Q o0 on
In the following, we discuss some examples concerning the Green’s function.

Problem 2. Find the Green’s function for Dirichlet boundary value problem over
the first quadrant

RY = {z = (z1,22) : 11 > 0,25 > 0}.

Solution. The Green’s function is

1 1
G(z,y) =5 log \/|z1 — 312 + |22 — 2|2 — by log \/|z1 + 312 + |22 — y2|?

1 1
+ ﬂlog\/m + 112 + |22 + 922 — glog\/m —y1]? + w2 + ya|?.

Problem 3. Find the Green’s function for Dirichlet boundary value problem over
the half disk

BE ={z = (z1,22) : |:v1|2 + |£L’2|2 < R% x5 > 0}.
1
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Solution. The Green’s function is

1 R x R x
G(z,y) == | log /|z1 — y1 |2 + |22 — 2|2 — log |*$1—*| |y1|2+|*$2—*| |y2|2
27 |z] R |z] R
1 R || R ||
_ 1 .2 2_] L L ST R 1L 19
5 ogV/]r1 — y1|? + [w2 + 12| 0g\/||x1‘1 Ry1| +||x‘$2+ Ry2|

A Supplementary Problem

Problem 4. Show that for the Neumann boundary value problem,
—Au(x) = f(z), ze€Q,

0
o (@) = pla), xeon,
If there exists a Green’s function G(x,y) = I'(z,y) + ¥(z,y) where
1
A \Il(gj’y):i’ Z/GQ,
! 1]
ov or

%(xay):_ain(mvy% y€8§27

then

1 0G

u(x) — 57 | uly)dy= | Gx,y)fy)dy+ [ o(y)H-(z,9)dS,.

12| Jo Q 0 on
Moreover, if Q = R"} := {z = (21, ..., ) : x, > 0}, then
—5-(log|z —y| —log|z —yl), n=2,
—E(z -yl -y, n=3.
IfQ=Bgr:={z=(1,....,7n) : D1y |Tn|> < R?}, then

-5 (log‘f;ﬂ T — LR‘ y‘ + log [z — yl) T IRZ 132 lyl2, n =2,
G(z,y) = -1

1 R C 1 1 . R Rz

Tﬂ.<|m1*%‘y| + |z —yl >+T,‘.10%[(mzf%ly)' 7 |

Ed

G(J;?y) =

For more materials, please refer to [1, 2, 3, 4].
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